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Abstract
Fanglei Lin

Towards Full Preservation of Polarization of Proton Beam in the AGS

As an injector to RHIC (Relativistic Heavy lon Collider) at Brookhaven National
Laboratory for spin program, the AGS (Alternating Gradient Synchrotron) is the
bottleneck for preserving the polarization of proton beam from 2.4 GeV to 24 GeV.
Because the spin tune v is energy dependent, i.e. vy, = G7 (G is the anomalous
gyromagnetic g-factor, v is the Lorentz factor), two major spin resonances, an im-
perfection resonance happening at Gy = k and an intrinsic resonance happening
at Gy = k £ v, (k is integer and v, is the vertical betatron tune), can cause the
beam to become depolarized completely during the acceleration. To overcome these
resonances, local spin rotators called Siberian snakes are introduced to preserve the
polarization of the proton beam in the AGS.

Two partial snakes (rotating the spin vector by an angle of less than 180°), a
normal conducting helical dipole snake and a superconducting helical dipole snake,
have been used in AGS 2006 polarized proton run. Separated by 1/3 of the ring,
the two partial snakes provide a spin tune gap that is wide enough to accommodate
the vertical betatron tune v, so that both imperfection and intrinsic resonances are
avoided. This configuration resulted in 65% polarization measured at the AGS ex-
traction energy with a 82-86% polarization at the injection. However, there was still
20% polarization loss. Three possible reasons could explain the polarization loss: (1)
horizontal intrinsic resonances happening at vy = k 4+ v, due to a non-vertical stable
spin direction caused by the partial snakes, (2) residual vertical intrinsic resonances
due to the low vertical tune at the beginning of the acceleration, (3) high order partial
snake resonances.

Preliminary simulations using a simplified analytic model and spin tracking pro-
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gram SPINK showed the existence of horizontal intrinsic resonances. With realistic
AGS lattice parameters, acceleration rate, and partial snakes strengths, the results
from both the simplified analytic model and multi-particle spin tracking agreed well
when artificially removing the spin coherence (the spin components after one reso-
nance are affected by the resonances they passed). The beam polarizations reach more
than 10% loss from these simulations. Two kinds of experiments, horizontal polariza-
tion profile measurement and B-field scan, were carried out to explore the horizontal
intrinsic resonance. Both results confirm the polarization loss. The horizontal intrin-
sic resonance strengths from the data fitting also agrees with the calculations from
the simplified analytic model.

Because the vertical betatron tune was pushed to be inside the spin tune gap only
after ramping past Gy = 5, leaving two weak intrinsic resonances in the acceleration
cycle, the vertical motion could still cause depolarization. Therefore, vertical polar-
ization profiles taken at the AGS extraction energy showed depolarization due to the
vertical motion, which was consistent with the spin tracking simulations.

With high vertical betatron tunes inside the spin tune gap, modest depolarization
can still be caused by high order partial snake resonances. Vertical betatron tune scans
at several intrinsic resonance locations were also taken to explore these resonances
experimentally. In addition, the vertical betatron tunes were close to integer 9 at the
flattop energies, the beam polarization was sensitive to the harmonic orbit correction.
The measured polarization vs the 9™ harmonic component of the orbit served as a
merit of harmonic orbit correction. All of the simulation and experimental results
are presented in this thesis. The properties of spin motion in the presence of partial

snakes are also discussed.
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Chapter 1

Introduction

Introduced by Uhlenbeck and Goudsmit to explain the result of Stern-Gerlach ex-
periments, spin has become a fundamental concept and plays an important role in
the interactions of elementary particles. To study spin interactions in the quark and
gluon level, one employs collision of intense beams of polarized protons at high energy.
The Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Lab provides a
unique facility for this study. Here, polarized protons can be brought into any en-
ergy for collisions from 50 to 500 GeV center of mass energy. The design calls for
an intensity of 2 x 10 proton/bunch with a polarization of 70%. As the injector
to RHIC, the Alternating Gradient Synchrotron (AGS) is mostly the bottleneck to

preserve polarization.

When polarized protons are accelerated in an accelerator, the spins of the particles
will precess because of the spin interactions with the magnetic fields. In a perfect
circular accelerator with only vertical guiding dipole magnetic fields, the spin vector
precesses around the vertical direction called stable spin direction 7., that is defined
as the invariant spin vector after a complete orbit revolution for a given location
in the accelerator. The number of spin precessions per orbital revolution is called

spin tune vs. Horizontal magnetic fields can perturb the spin vector away from the



2 1. Introduction

vertical, causing spin polarization loss when the spin precession frequency equals the
frequency of the spin perturbing magnetic fields. Two main types of spin resonances
are the imperfection resonances driven by the vertical closed orbit errors in dipoles
and quadrupoles, and vertical intrinsic resonances driven by the vertical betatron
motion in quadrupoles. For an accelerator with P superperiods of the lattice, the
imperfection resonances happen at Gy = n and the intrinsic resonances happen at
G~ = kP+v,, where G = % is the anomalous gyromagnetic g-factor, ~ is the Lorentz
factor, Gy is the unperturbed spin precession tune, n, k are integers, v, is the vertical
betatron tune. In addition, there are also other higher-order depolarization resonances
due to the linear horizontal and vertical betatron coupling, nonlinear magnetic fields
provided by the higher order magnetic multipoles, and by synchrotron oscillations.
However, the resulting depolarization due to the latter effects can be negligible if
these high order spin resonances are much weaker than the two types of main spin
resonances. In the AGS, the polarized proton beams are accelerated from 2.35 GeV
to 24 GeV, passing 41 imperfection resonances and 7 strong intrinsic resonances from
injection to extraction. These resonances can totally destroy the polarization of the
proton beam.

In order to overcome the spin depolarizing resonances, Derbenev and Kondratenko
proposed in 1978 to use a local magnet called Siberian snake to rotate the spin vector
around a horizontal axis by 180° [1]. In the presence of the snake, the spin tune

becomes %, and the perturbations of spin motion from the dipole errors are canceled

2
in every two successive revolutions. Since the depolarizing resonance strength in
the medium energy synchrotron is not strong, a partial snake [2, 3, 4] that rotates
spin vector by less than 180° can be strong enough to overcome both imperfection
and intrinsic resonances provided that the betatron tunes are placed within a range of
resonance free gap called spin tune gap. For instance, two partial helical dipole snakes

have been successfully commissioned in the AGS. The cold snake is a super conducting

helical dipole snake with a maximum field of 3 Tesla [5, 6]. The warm snake is a normal
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conducting helical dipole snake at 1.53 Tesla [7]. With the combination of the two
partial snakes, high intensity (1.5 x 10* proton/bunch) polarized proton beam (65%
polarization) was achieved at the AGS extraction energy in the 2006 with 82-86%
polarization at the injection.

With the two partial snakes in the AGS the stable spin direction is not vertical,
therefore the perturbing fields that rotate the spin away from the stable direction have
vertical as well as horizontal components. Particles undergoing horizontal betatron
oscillation encounter vertical field deviations at the horizontal oscillation frequency.
As a result, resonances with the spin tune are driven by the horizontal betatron
oscillations, and will occur whenever the spin tune satisfies v, = n + v,. This type of
resonance is called horizontal intrinsic resonance [8]. A proper understanding of the
behavior of this type resonance is needed so that the full polarization transmission
can be implemented for reaching the RHIC spin project goals.

This thesis studies ideas in achieving a full polarization for the AGS. Chapter
2 provides the general spin motion in a synchrotron and the spin dynamics with
partial Siberian snake(s) dealing with the normal polarization issues. In Chapter
3, AGS experimental facilities for the investigation of polarization are described.
Experimental results and analyses of the exploration of the polarization in AGS follow
in Chapter 4. In this part, not only the horizontal intrinsic resonance but also other
factors leading to beam depolarization are presented. Finally, the summary and

conclusion are given in Chapter 5.
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Chapter 2

Spin Dynamics with Partial

Siberian Snakes

2.1 General Spin Motion in a Synchrotron

I Basic Spin Motion

For a beam with a large number of particles in an accelerator, the polarization is
defined as the ensemble averaged spin vector in a classical picture. For a system of

spin—% particles, the degree of polarization is given as,
N, — N_
p=_* "=
Ny + N_

where N4 are the numbers of particles in two spin state |%, j:%) along a quantization

(2.1)

axis. When the spin states of all particles are along one quantized axis, the beam is
100% polarized with P = +1. Three parameters are needed to specify the polarization
of spin—% particles: two parameters for the quantized axis and one for N, /N_ ratio.
Therefore, the polarization of the spin—% system is a vector characterized by a direction
and a magnitude. The polarization is the ensemble average of the spin vector given

by P = %(S}> = () using the Pauli spin matrices .
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In the rest frame of a moving particle in a synchrotron, the motion of spin vector
under the external electro-magnetic field is described by the Thomas-BMT equation
[9, 10]

— —

S _ e & y 5 1) ExS
dt_ymsx (1+G7)B¢+(1+G)Bu+<G7+7+1) c

(2.2)

where the spin vector S is in the particle rest frame and B 1 and B] are the transverse
and longitudinal components of the magnetic fields in the laboratory frame with
respect to the particle’s velocity gc. v is the Lorentz factor, G = % is the anomalous
gyromagnetic factor which has the value 1.7928 for proton, and the vector E stands
for the electric field.

The Thomas-BMT equation shows that the spin vector precesses around the trans-
verse magnetic field at a rate %(1 + G7), and around the longitudinal magnetic field
at a rate %(1 + G). Typically, the terms involving E is usually small comparing to
those involving the magnetic fields Bh and B . For most of our discussion of spin
motion the electric field has been neglected for the simplification of the Thomas-BMT
equation.

Since the particles of a beam bunch in an accelerator circulate around a reference
orbit, the Thomas-BMT equation can be expressed around this reference orbit in the
Frenet-Serret coordinate system following Courant and Ruth [11, 12] as shown in Fig.
2.1, where the three unit basis vectors along the radially outward z, longitudinally
forward §, and vertically transverse . In a planar circular accelerator, we have

di 5 ds_ =i dj_

i = = = 2.
ds p  ds p’ ds 0 (23)

where p is the local radius of curvature of the reference orbit. A particle’s motion in

this coordinate system is given by
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Particle Position

X

Reference Orbit

Figure 2.1: The curvilinear coordinate system for a particle mo-
tion in a circular accelerator. z, § and g are the unit
basis vectors along the radially outward, the longitu-
dinally forward and the vertically transverse directions

and form a right-handed system.

with 7y being the reference orbit and § = @.

d
The transverse and longitudinal component of the magnetic field can also be

expressed under the Frenet-Serret coordinate system (See Appendix A),

d 1" 1 ' "
Bl:Bp(l—f) Kl« __)gﬁ_g_ya:»}, (2.6)
p p p

!

B =By =5 (1) (27)

Here Bp standing ymuv/e is the magnetic rigidity of the particle.

Then translating the time independent variable to the bending angle in a dipole

by using % = pix%, Eq. (2.2) becomes
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The vector F' is

I
I

Fii + Fy8 + Fy)
[—py" (1 + G))i
[(1+Gy)y —p(1+ G)(%ﬂé

[—(1+Gv) + (14 Gy)pz' 3. (2.9)

_l_
_l_
Introducing three -independent unit vectors (€1, €y, €3) coinciding with (z, 3, )
at any azimuth in the ring, Eq. (2.8) can be expressed as

5 =%, (2.10)
where

n= —[Flél —I—Fgég —G’}/ég]. (211)

In an ideal planar accelerator with only the vertical bending magnetic fields (F; =
F, = 0), the spin vector will precess around the vertical direction by G~ per orbital
revolution. The spin vector will stay in the vertical direction if it is set initially
vertical. Any spin vectors of the particles not lying on the vertical direction will
precess around the vertical direction with G+ spin precession turns per revolution
during the acceleration. Thus the vertical direction is called the stable spin direction
or spin closed orbit, which means the spin vector comes back to the same direction
at a certain azimuthal position after one revolution, and v, = Gy is the spin tune in

such ideal planar accelerator.

IT Spin Resonances

In most synchrotrons, the vertical direction has been considered as the polarization
direction because of the vertical guiding dipole fields. The sources of depolarization
for a vertically polarized beam come from the horizontal components of the magnetic

fields éﬂ and B 1. Since the accelerators are mainly composed of bending magnets
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and quadrupoles, the horizontal magnetic field components due to dipole rolls and
quadrupoles can precess the spin away from the vertical direction. Additionally,
perturbing fields can also come from multipoles and the synchrotron motion. Based
on the sources of depolarization, the spin resonances can be classified to imperfection
resonance, intrinsic resonance and high-order resonance.

The imperfection resonances are driven by the vertical closed orbit displacement
from the center of a quadrupole due to the dipole rolls or quadrupole misalignments.
Since the field errors perturb the spin vector in every revolution, the imperfection
resonances happen at each Gy = integer, where Gy is the spin tune and the reso-
nance strength is proportional to the vertical closed orbit distortion. The intrinsic
resonances are driven by the vertical betatron motion in quadrupoles, where the hor-
izontal focusing magnetic fields are present. For an accelerator with P superperiods
of the lattice, the intrinsic resonances happen at Gy = kP + v,, where k is integer
and v, is the vertical betatron tune. The high-order resonances are driven by other
different mechanisms. For instance, the synchrotron sideband resonances come from
the synchrotron motion modulation (energy oscillations) around the primary spin
resonances. Coupling spin resonances arise from the linear coupling of the horizontal
and vertical betatron motion.

Using the Thomas-BMT equation, the spin resonance strength can be given by

[10]

1 AB, ABy, kg
i = 5 PliL+ G 5, 1+ G e s, (2.12)

Here AB, is the radial perturbing field, AB is the longitudinal perturbing field. The

spin resonance strength can also be expressed in terms of particle coordinates
_]_ " L/ . VAN iK0O
K= 5o (L +Gy)(pz +iz)—ip(l+ G)(;) le"*vd8, (2.13)

where p is the local orbit curvature, z is the vertical displacement of the beam from

the center of a quadrupole, and K is the resonance spin tune.
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IIT Froissart-Stora Formula

d(G)
dah

Under a constant resonance crossing rate a = the final polarization of a beam
after passing through an isolated spin resonance € is given by the Froissart-Stora
formula [13],

) =2 — L. (2.14)

The effect of the resonance on the polarization is determined by the ratio of 77%.
For a weak resonance, the polarization can be preserved if the resonance is crossed

€l

with a high speed that produces 7=~ < 1. On the other hand, a strong resonance
le?

can be overcome by a full spin flip with the condition 7~ > 1. For example, 99%

polarization can be maintained if ¢ < 0.056+/c, and 99% spin flip can be obtained if
e > 1.8/a.

A beam bunch is composed of particles with different betatron amplitudes and
phases, the beam polarization is the ensemble average of spin vectors of particles in
the bunch. Therefore, given a beam distribution p(I) as a function of the emittance,

the polarization after passing through a resonance is given by

(= [ e~ pnar (2.15)

with
/p([)dl =1. (2.16)

Here P; and Py are the polarization before and after crossing the resonance. Normally,
the intrinsic resonance strength is proportional to the square root of the particle

emittance I,

(D)2 = \e(fow[io, (2.17)

where [ is the rms emittance of the beam, (1) is the rms value of resonance strength.

I
For a beam with Gaussian distribution p(/) = ie_m in the phase space, we have
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(See Appendix B)
mle(lo)[?

<?i> 1_|_7r\6(?0)‘2 (2.18)

«

IV Siberian Snake

In order to maintain polarization in a synchrotron, an effective approach, proposed
by Derbenev and Kondratenko, is to use Siberian snakes [1]. Siberian snakes are local
spin rotators that cause the spin vector to precess by an angle of less than or equal
to 180" around an axis in the horizontal plane.

A full Siberian snake, rotating the spin vector by an angle of 180°, forces the spin
tune to be %, independent of energy. Any perturbation on the spin from the magnetic
field errors in the accelerator lattice can be canceled in successive turns. Therefore, a
full snake is strong enough to overcome all type of spin resonances. A partial Siberian
snake rotates the spin vector by an angle of less than 180°. The resulting spin tune
is energy dependent. A partial snake can overcome weak imperfection resonance by
shifting the spin tune away from the integers. It can also overcome the intrinsic
resonances if betatron tunes are located in the spin tune gap. The details of spin
dynamics with partial Siberian snake(s) will be discussed in the next section.

The full and partial Siberian snakes have their own virtues and shortcomings. A
full snake can overcome all type spin resonances but need a long straight space to
accommodate its magnet(s). For instance, each of four full Siberian snakes in RHIC
is 10.4 meters long. A partial snake does not need a long straight section in the
machine lattice. However, it can overcome the imperfection resonances by shifting
the spin tune away from the integers. For a medium energy accelerator, a strong
enough partial snake can overcome both imperfection and intrinsic resonances with a
proper accommodation of vertical betatron tunes. For example, two 3 meters partial
snakes are used in the AGS due to the limitation of the available straight section.

Therefore, considering the cost and space constraints, the full snake is necessary for
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the high-energy accelerator and partial snake is a practical solution for the medium

energy accelerator.

V  Spinor Equation

Generally, a spin % particle occupies one of the two eigenstates or a mixture of them

with a certain probability distribution. The spin state of the spin % particle is ex-

u
pressed by a two-component spinor wave function ¥ = . Here u and d are the

d

probabilities of the particle in the two pure spin states. Therefore, the spin vector S

with three components (S, S, S3) can be expressed by the two-component spinor as
S; = (U|oy| W) = Uig, U, (2.19)

where 0;, 1 = 1,2, 3 are the Pauli matrices,
01 = s 09 = s 03 = . (220)

From the Thomas-BMT equation

s - =
G =SxF (2.21)

the spin equation can be represented for the spinor (See Appendix C)

% - ;(5 )W — ;H\y _ %@ GZ R (2.22)
- -Gy
where H is the spin precessing kernel and & is the Pauli spin matrices. Equation
(2.22) is equivalent to Eq. (2.2) and Eq. (2.10) in describing the spin motion in a
synchrotron. The three components of spin vector are obtained using the spinor ¥
by
S; =u*d+ud*, Sy=—i(u*d—ud*), Ss=|ul*—|d> (2.23)
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The off-diagonal matrix element of £(0) = Fy — i F; produces spin mixing between
the up-down components of the spinor W. For an accelerator with no snake, £(0) =
Fy — iF;, causes the spin depolarization due to the vertical motion. Because of the
periodic or quasi-periodic betatron motion of particles, the depolarization driving

term &£(6) can be expanded in Fourier series
£(0) = Z epe KO (2.24)
K

The Fourier amplitude e is called the resonance strength, the corresponding fre-
quency K is called the spin resonance tune.

With an artificially introduced snake to overcome the spin resonances by precessing
the spin vector less than or equal to 180° locally, £(6) = F, — iF, becomes more
complicated because of the revised three components of vector F. Simplifying the
analytic model, the snake will be treated as a local spin rotator: kicking the spin vector
around the snake axis by a certain angle but no effect on the transverse motions in the
rest of the machine lattice. This results in the spinor equation Eq. (2.22) not being
altered in the whole synchrotron except at the snake location, where the artificial
spin rotation is introduced.

The spin motion equation throughout the snake location 6, still has the same form

s - -
-5 =S xF. (2.25)

but the integral should be from 6 to 6 locally. Depending on the snake axis, the
three components of F will be given differently. Assuming the snake strength ¢, two

basic snake axis conditions are considered here.
1. For the snake axis in a horizontal plane with ng = cos ¢,€; + sin ¢,€é,, it has

Fy = —pz (1+Gr) +¢6(0 — 6,) cos ¢,
P = <1+Gv)z’—p<1+G><§>’+<5<9—es>sin¢s

Fs = —(14+GYy)+(1+Gy)pz.
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Then the spinor equation still has

il ey -
Z—\g - 72 L (2.26)
- -Gy

except that the off-diagonal matrix element ¢ becomes
(0) = Co(0 — 0,) + Y epe . (2.27)
K

The snake is located at the 6, azimuthal angle in the ring with value of (
resonance strength. The Fourier amplitude ex is the resonance strength arising

from the spin perturbing fields in the whole ring, K is the resonance tune.

2. For the snake axis in vertical plane with n, = cos ¢4€; + sin ¢,€é3, it has

Fy = —pz (1+Gy) +C6(0 —6,) cos b,
Fy = (14677 = p(1+G)()
Fy = —(14+Gy)+(1+Gy)pz" +¢6(0 —6,)sin ¢,.

Then the spinor equation becomes

dv i [ Gy = o0 —0,)sing, - .
g 2 —¢* —(Gy — (80— 0,)sings) |
where the off-diagonal matrix element & has
£(0) = C6(0 — 0,)cosps + Y exe™ . (2.29)
K

¢, is the angle of snake axis with respect to the vertical direction.

By introducing an additional ¢ function, the spinor equations describe the spin
motion with a snake at the location #,. The spinor wave function ¥ can be obtained
by solving the spinor equation. And the propagation of the spinor wave function can

be tracked using the spin transfer matrix (STM) ¢(0y,0;) as

(0f) = (05, 0:)1(6;). (2.30)
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Because the polarization vector is real, the matrix elements of the STM satisfy
tog = t;la to1 = —th, (231)

and

tht =1, (2.32)

where [ is the unit matrix.
For an accelerator, the magnetic fields are mostly piecewise constant, the final
spinor wave function is given by the product of STM,

N

W(05) = [ 1100541, 0,)0(6). (2.33)

j=1
A one turn map (OTM) for the stable spin direction is obtained by multiplying
the spin transfer matrices in one revolution around the accelerator, which can be

expressed as

t(0; + 2, 0;) = e~ "m0, (2.34)

Here v, is the spin tune, defined as the number of spin precession around the stable
spin direction per revolution, n., is the stable spin direction on the closed orbit, which

is the direction along the spin vector under OTM.

2.2 Properties of Spin Motion with Partial Snakes

In a perfect accelerator, the spin tune v, equals G~y and the stable spin direction n., is
vertical. The introduction of snake(s) revises the spin tune and stable spin direction,
resulting in the resonance condition never being met. Therefore, a snake is a good
approach to overcome spin resonances.

For the convenience of discussion, the configuration of two partial snakes in the
AGS machine is considered in the following description. The two partial snakes,

separated by 1/3 of the ring, are used to overcome the spin resonances in the AGS,
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one is called the cold partial snake and the other the warm partial snake. Both of
the snake rotation axes are along the longitudinal direction. Given x. and Y, the
spin rotation angles caused by cold and warm snakes respectively, the closed orbit of

OTM of the spin transfer matrix becomes

C

;L 27 i Xw _ila~2m _;Xc L
T =e¢ i5Gy(2m—= 0)036 15020 22G73036 5020 ZZG’)/@O'S’ (235)

where 6 is the orbital angle between the measurement location and the cold partial
snake. Identifying the OTM to Eq. (2.34), the spin tune v, and spin closed orbit n, =
COS (1 €] + COS (ap€y + Cos (€3, where (cos vy, cos ai, cos az) are the spin closed orbit
directional cosines along the radially outward,longitudinally forward and vertically

transverse axes respectively, are given by (See Appendix D)

Vs = _arccos (cos % Ccos % cos [Gyr| —

sin % sin % cos [Gvg]), (2.36)
cosq; = sin_;z/s (cos %’J sin % sin [Gy(m — 0)] +

sin X2—w oS % sin [GW(% —0)]), (2.37)
cosay = sinlm/s (cos %’J sin % cos [Gy(m — 0)] +

sin X2—w oS % oS [G'y(g —6)]), (2.38)
cosag = sinlm/s (cos Xw os % sin [Gyn] —

sin X2_w sin % sin [%ﬂ]) (2.39)

Equations (2.36) to (2.39) show that the spin tune vy and stable spin direction
N at azimuthal location € depend on energy G+~ as well as two snake rotation angles
X and x,,. Figure 2.2 shows the spin tune and vertical component of the stable spin
direction as functions of Gy. Two conditions of snakes are presented, one for a 14%
cold snake and a 5.9% warm snake, one for a 10% cold snake and a 5.9% warm snake.

The quoted percentage of snake strength is given as the fraction of the snake rotation
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Figure 2.2: Spin tune from Eq. (2.36) (top plot) and vertical com-
ponent of the stable spin direction Eq. (2.39) (bot-
tom plot) as a function of Gy with two partial snakes
separated by 1/3 of the ring in the AGS. The solid
curves are for 10% cold snake and 5.9% warm snake;
the dashed ones are for 14% cold snake and 5.9% warm

snake.
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angle to that of a full snake, i.e. x/m. The deviation of spin tune from an integer
reaches its maximum every Gy = 3n, where n is an integer, and the tilt of the stable
spin direction away from vertical direction reaches its minimum at Gy = 3n + 1.5.
Since the AGS has a super-periodicity of 12 and the vertical betatron tune is close to
integer 9, this feature provides the maximum space for placing the vertical betatron
tune in the prohibited region of spin tune (as known as spin tune gap) at all the
strong vertical intrinsic resonances. The spin 